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Abstract— This paper presents a framework to compute
stable contact interfaces for automatically designing customized
jigs used in bone surgeries. Given the surface model of a bone
represented by polygonal meshes, we find out a small region on
the surface to be used as the interface of a customized jig so that
it can be stably fixed on the bone under a directional clamping
force. The variation of directions on the clamping force is
allowed in our formulation. Moreover, the surface region serves
as the interface of stable contact must also be disassemblable so
that the jig and the bone can be separated after removing the
clamping force. The analysis of stable contact is formulated on a
Gaussian map by the common regions of half-spaces according
to the motion restrictions. A flooding algorithm is proposed to
determine those disassemblable and stable contact interfaces
on the surface of a bone, where the contact surfaces are later
converted into the solid model of a jig to be fabricated by
additive manufacturing. Experimental tests are taken to verify
the stable contact between a bone and the jig generated by our
approach.

I. INTRODUCTION

With the advancement in 3D sensing technology, image-

based navigation has become a widely accepted surgical tech-

nique for various computer-assisted surgery (CAS). CAS can

be more safe and effective than the conventional treatment

under appropriate usage and proper training. The general

principles of CAS are not limited to the navigation during

surgery. It can also be used in model generation, preoperative

planning and surgical simulation before taking the actual

surgery.

One important application of CAS for orthopaedic surgery

is bone sarcoma surgery. The resection plan can be out-

lined preoperatively using CT/MRI images (see [1], [2]),

by which position and orientation of a resection plane can

be determined before hand. The precision of the resection

plane is crucial since it should satisfy the oncological safe

principle [3] to maximize the preservation of normal tissue

and minimize the risk of recurrence caused by unclear tumor

removal. It has been reported that with the help of computer

navigation, the resection margins can be identified accurately

at surgery [4]. However, the existing technique requires a

bulk of navigation facilities (e.g., an optical camera, navi-

gation trackers and instruments etc.) and the presence of a

system operator in the operating room. Moreover, in practice,
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Fig. 1. With the help of customized jig in bone resection, the preoperatively
planned resection path can be accurately performed during the operation: (a)
specifying the customized jig integrated with planned paths and (b) using
the jig fabricated by additive manufacturing in the bone tumor surgery.

the standard tools and techniques can substantially limit

the ability to reliably and consistently reproduce the ideal

preoperative plan at the time of resection [5]. For instance,

it has been reported that an experienced surgeon might

achieve a planned 1cm surgical margin (± 5mm) with a

probability of only 52% for a pelvic tumor resection surgery

[6]. Integrating CAD planning into CAS allows complex

tumor resections and the design of customized protheses

for bone resection [7]. It has been reported that, with the

help of this technique, the intralesional resection is reduced

from 29% to 8.7% [8]. However, the design of customized

CAD protheses requires engineers with substantial design

experiences [5], which will usually take a week or more till

the prothesis is ready for operation. As tumor may regression

everyday, a more efficient technique is needed.

A. Motivation

The purpose of the research presented in this paper is to

compact all the navigation facilities and the system operator

into a customized jig, which can be landed on bones through

touching the surface of the bone. Unique shape of the

interface between bone and jig guarantees the accuracy

of landing. With the help of such a customized jig, the

coordinate systems of an imaging software and the physical

environment can be precisely aligned.

In this paper, we investigate the technique to search a

stable footprint on the surface of a bone for designing the

customized jig. Specifically, from the scanned 3D model of

a bone, we find a surface region as the touching interface to

generate the customized jig, with which the motion between

bone and jig is restricted under clamping forces. As a

result, surgeons can easily place a customized jig at the

right position and orientation on the bone, and the planned

resection path integrated on the jig can be precisely realized

during the bone resection (see Fig.1). The major challenge

of this work comes from how to efficiently compute a
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Fig. 2. Design automation of customized surgical jigs: (a) placing the
resection paths with the reconstructed bone model, (b) computing the stable
contact interface, (c) generating the solid for a customized jig, and (d) the
jig fabricated by additive manufacturing.

region providing such a stable contact, using which as an

interface must make the customized jig and the bone be

disassemblable. We formulate the problem of stable contact

by analyzing configuration spaces (C-space) on a Gaussian

map and develop a flooding algorithm to determine the

interface for stable contact.

The whole procedure for designing a customized jig can be

completed automatically. As illustrated in Fig.2, for a bone

model reconstructed from CT/MRI images, some planned

resection paths are first specified in the imaging coordinate

system (as Fig.2(a)). Seed regions can be obtained from the

intersected triangles between the resection planes and the

bone model. The unique interface for stable contact around

the seed region can be determined by our flooding algorithm

(see Fig.2(b)). The solid of a customized jig can be generated

thereafter (see Fig.2(c)) and fabricated by fused deposition

modeling (FDM) – a type of additive manufacturing (see

Fig.2(d)).

B. Related Work

Patient specific instruments (PSI) such as customized jigs

have been used to facilitate accurate resection and help to

reproduce the preoperative plan reliably. Dental implant sur-

gical guide has been widely used (ref. [9]). Other attempts on

knee arthroplasty [10] and spinal instrumented surgery [11]

have also been reported recently. Khan et al. [5] designed

a patient specific jig to perform the bone tumor resection

surgery with the help of two commercial CAD/CAM soft-

wares. The contacting surface of a jig is designed to conform

to the bone surface in the region surrounding the tumor,

and three 3.2mm Steinmann pins are used to fix the jig

while surgeons operating the saw cuts. Cartiaux et al. [12]

performed a pelvic bone tumor surgery simulation to prove

the accuracy of patient specific instrumentation technology.

Again, pins are used to restrict the motion. Wong et al. [7]

use additive manufacturing techniques to produce a surgical

jig which has the corresponding anatomical shape of the

bone surface that enables physical registration to the patient’s

anatomy. As a consequence, the jig can be positioned stably

on the bone surface at the planned resection sites without

using pins. However, neither conditions for a stable contact

nor the method for determining the region of interface is

given. The concept of unique footprint is also employed

in the work of Kunz et al. [13] to accurately and reliably

perform femoral component placement. The interface of their

jig consists of two parts: one for ensuring stable position

and another for stopping rotation. In all these works, the

method for automatically computing the unique footprint has

not been investigated.

Some related work has been done in computer graphics for

computing the unique registration between multiple pieces

of components [14]. In their work, feature-based robust

global registration has been taken to find out the matched

interfaces between fractured components. Kinematic surface

analysis has also been employed to process and recognize the

geometry of mesh models in [15]–[17], which is based on

computing the degree-of-freedom (DoF) of points’ movement

on the surface. However, kinematic surface analysis becomes

not stable when the supporting size of interested region

changes. Unfortunately, this is the case of interface search for

customized jig – the area of a surface region to be analyzed

are changed during the searching procedure. Moreover, it is

hard to integrate the consideration of disassemblability into

the framework of kinematic surface analysis.

Related to this proposed work, there are a lot of works

on the fixture layout design in the literature where fixture

is an important tool used to hold an object firmly for

manufacturing [18], [19]. Brost and Goldberg [20] presented

a complete algorithm for the fixture design problem of 2D

polygonal parts by using three round locators and one trans-

lating clamp. The algorithm is later extended to 3D objects

[21]. The contacts with fixture’s locators and an object to

be immobilized are usually point-based (e.g., [22], [23]),

which is also the case in a similar robotic problem – grasping

(ref. [24]). Differently, for a customized surgical jig with an

interface conformal to the surface of a bone, the contacts

are surface-based with more DoFs being constrained. This

leads to the challenge of disassemblability in our problem.

Moreover, the directional variation of clamping forces has

not been considered in the prior works of fixture design.

Orientation-based motion analysis techniques have also

been employed to solve a variety of manufacturing problems.

Elber et al. [25] introduced a strategy for the 2-piece mold

separability problem for a model whose surfaces are differ-

entiable. The analysis is taken on a Gaussian map. Fogel and

Halperin [26] presented an exact algorithm for solving the

polyhedral assembly partitioning problem. They constructed

the Minkowski sums of the convex subparts, and then ana-

lyzed the motion space on a Gaussian map. Suthunyatanakit

et al. [27] proposed a geometric method to find the global

accessibility of a polyhedral model. The analysis is also

taken on the Gaussian map. As the boundaries of accessible

regions needs to be explicitly stored in their method, the

memory consumption becomes very expensive when a model

with large number of faces is involved. Differently, in our

framework, we only need to answer the questions of whether

a C-space is empty. A simplified representation of C-space

can be used here to compute the result effectively.
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C. Contributions

The technical contributions of our work are:

• A formulation considering both immobilization and

disassemblability of the contact between two objects

with the freeform interface represented by polygonal

mesh surfaces.

• A robust contact analysis and formulation based on

the concept of θ-stable contact between two freeform

objects.

• A computational scheme to determine a minimal stable

contact surface between two freeform objects by the

analysis taken on the Gaussian map.

To the best of our knowledge, this is the first approach to

compute stable contacting interfaces of customized jigs for

aligning the imaging and the physical coordinate systems in

patient specific surgeries.

II. PROBLEM STATEMENT

Given the surface model of a bone represented by a

triangular mesh M = {ti}, to find out a small region B ⊂ M
to use as the interface of a customized jig so that it can

be stably placed on the bone after applying a directional

clamping force f .

To achieve the goal of computing a stable contact interface

between a customized jig and a bone, a few factors need to

be considered according to the usage of surgical jigs in the

scenario of bone resection.

• Stable Contact: A jig must have a unique position and

orientation when touching the surface of a bone by the

computed interface. Once been landed and clamped,

motions of the jig with reference to the bone are

completely restricted. Such a property is also called

form-closure. The form-closure must be stably retained

even after allowing a perturbation on the direction of

the clamping force f . This will be formulated in Section

III-B.

• Disassemblability: After releasing the clamping force,

the jig and the bone should be able to separate. Specifi-

cally, the interface B must be disassemblable. This will

be formulated in Section III-A.

• Minimal Area: To limit the expose area in surgery,

min
∑

tj∈B
A(tj)

is demanded where A(·) returns the area of a triangle.

This is achieved by the flooding algorithm presented in

Section IV-A.

• Non-interference: To keep tumor untouched during the

resection, the interface cannot be overlapped with some

restrictive regions specified during the surgery planning.

This will also be realized by the flooding algorithm.

A region B on the surface of a bone is to be computed

by incorporating all these factors. Formulation details are

presented in the following section.

III. FORMULATION

For the polygonal mesh surface B on the bone, a co-

incident mesh surface B′ will be constructed on the jig

where every triangle in B′ is duplicated from a corresponding

triangle in B but with an inverse orientation. B and B′ are

overlapped with each other during the contact. Without loss

of generality, when there are any two triangles ti, tj ∈ B
(i 6= j) with ni × nj 6= 0, the relative motion between B
and B′ can only be translational. Based on this reason, only

translational motions applied on the jig need to be considered

in our formulation. And norm of a motion vector d is less

important in the analysis. As a consequence, our formulation

is taken on a Gaussian map (i.e., d ∈ S
2).

A. Disassemblability

Unlike the conventional moldability evaluation conducted

by 2D linear programming in a plane [28], the condition for

the disassemblability of a polygonal mesh surface is formu-

lated below on the Gaussian map to ease the formulation

incorporating clamping forces.

Remark 1 For any planar triangle ti ∈ B, with normal

vector ni, the translation of jig along a direction d has been

resisted by the bone if ni · d < 0.

According to the constraint given in Remark 1, each ti ∈ B
forms a disassemblable half-space on S

2 as

H(ti) = {d ∈ S
2 | ni · d ≥ 0}. (1)

For a region B consists of multiple triangles, its disassem-

blable C-space is defined as

Cm(B) =
⋂

ti∈B

H(ti). (2)

Remark 2 A jig and a bone having the interface B is

disassemblable if and only if Cm(B) 6= ∅.

B. Stable Contact

The movable C-space under contact and then the stable

contact are formulated below.

Remark 3 For a jig contacting a bone at the region B under

a clamping force f , the movement of jig along a direction d

is resisted if f · d < 0.

The movable C-space according to f is then defined as a

half-space:

Hf = {d ∈ S
2 | f · d ≥ 0}. (3)

The movable C-space of a jig under contact is defined as

Cc(B) = Cm(B)
⋂

Hf (4)

with Cm(B) being the disassemblable C-space of B.

Remark 4 A contact between a jig and a bone with the

interface B under a clamping force f is fixed if and only if

Cc(B) = ∅.

Nevertheless, formulating a fixed contact as Remark 4 has

the following difficulties in practice.

• The direction of clamping force f is hard to be known

by users.
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Fig. 3. An illustration of a force-set, F , and its corresponding movable
C-space, CF .

• During the operations of bone resection, the direction

of f can change.

To overcome these difficulties, stable contact is formulated

as follows.

Definition 1 If the directional variation of f is within an

angle θ with reference to a centrical direction fc ∈ S
2, the

set F = {f ∈ S
2 | fc · f > cos θ} is defined as the force-set

for clamping.

Definition 2 The contact between a jig and a bone is called

θ-stable if the contact is fixed under all clamping forces in

the force-set.

By Definition 1 and Remark 3, we can have the movable

C-space of force-set F on the Gaussian map as

CF =
⋃

fk∈F

Hfk
= {d ∈ S

2 | fc · d+ sin θ ≥ 0}, (5)

which leads to the following remark for stable contact. Note

that, CF defined above in Eq.(5) is coincident with the region

defined by a planar half-space HF on S
2. An illustration for

the movable C-space of F is shown in Fig.3.

Definition 3 The movable C-space of a jig under any

clamping forces in F is defined as

Csc(B) = Cm(B)
⋂

CF (6)

Remark 5 The contact between a jig and a bone sharing

the interface B is θ-stable if and only if Csc(B) = ∅.

IV. COMPUTATION

This section presents the flooding algorithm to determine

the minimal stable contact surface, the method to evaluate

the feasibility of sets defined by half-spaces, and the method

for converting a contact surface into the solid of a customized

jig.

A. Flooding Algorithm

According to the design constraints analyzed in Section II,

a flooding algorithm is developed to compute the minimal

stable contact interface B by incrementally adding new

triangles into B. Here, a triangle tb to be added into B is

called an disassemblable triangle if Cm(B)
⋂

H(fb) 6= ∅ –

i.e., adding it will not change the disassemblability of B.

Fig. 4. Progressive results illustrating our flooding algorithm for computing
the minimal stable contact interface.

The algorithm starts from a seed region that is indicated by

the surgery planners where the jig is going to land. The seed

region is part of the bone’s surface M. A set of candidate

triangles, R, is first formed by the 1-ring neighbors of the

current B. Triangles are randomly selected from R to check

if they can be added into B. Only disassemblable triangles

are added. Also, the triangles belonging to the restrictive

regions (e.g., the places with tumor) must also be excluded.

When R is empty, the algorithm rebuilds a new R by the

current B. After adding each triangle, the condition of θ-

stable contact will be detected. By Remark 5, the iteration

stops when CSC(B) = ∅ (i.e., θ-stable contact has been

achieved by B).

Lastly, as a post-processing step of the interface searching,

the bounding-box of B aligned with the axes from B’s princi-

pal component analysis (PCA) is computed. The surface M

is trimmed by this bounding-box, and the triangles inside the

bounding-box are added into B if they are disassemblable.

Note that this will not change the stableness of contact. As

a result, the contact interface with relative regular boundary

can be obtained.

B. Feasibility Computation

The flooding algorithm intensively uses the step of de-

tecting whether the C-space commonly defined by a set of

half-spaces on the Gaussian map is empty. We develop a

simple and practical algorithm below for this purpose.

It is known from computational geometry [28] that the

common region determined by a set of planar half-spaces is

convex if there is a common region satisfying all the inequal-

ities of the planar half-spaces – called feasible region. This

idea is borrowed to our feasibility computation taken on the

Gaussian map. We compute the corner points of the feasible

convex region on the Gaussian sphere. The corner points of a

C-space Cm(B) can be obtained by a search algorithm. For

any two triangles ti and tj (i 6= j) in B, two intersection

points can be formed by their corresponding half-spaces on

the Gaussian map. Among all these intersection points, only

those are feasible for all half-spaces are kept in a list Q
(i.e., satisfy the inequality of all half-spaces). Note that, as

we assume that at least two triangles in B are not parallel to

each other. For a C-space Cm(B) 6= ∅, Q must contain some

corner points. The movable C-space CSC(B) can also be

detected in this way by using the planar half-space HF in the

computation. Specifically, the condition of disassemblability
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and θ-stable contact is detected as follows:

• The surface region B is disassemblable if the corner

point set Q of Cm(B) is not empty.

• The surface region B achieves θ-stable contact when the

set Q corresponding to CSC(B) is empty.

Although the corner search algorithm has the theoretical

complexity as O(n3), much better efficiency is observed in

practice as many intersections can be quickly culled.

C. Solid Generation

After obtaining a stable contact interface B, the solid

model of a jig can be generated by first applying the

thickening operator [29] to convert B into a solid S and then

merging the accessory components with the help of Boolean

operators [30] (see Fig.5). Note that, when converting B into

S , the following two criteria must be satisfied:

• Exact: To ensure a perfect match when placing the jig

onto the surface of a bone, the portion of boundary

surface on S according to B must be exact as B – i.e.,

without shape approximation error.

• Interference-free: The generated solid should not have

interference with the bone model and should not go into

the restrictive region with tumor presented.

In [29], a thicken solid S is defined in an implicit representa-

tion on one-side of B with the help of signed distance-field

(SDF). The SDF can be efficiently evaluated in a narrow-

banded region, and the isosurface of the implicit surface is

partially extracted and stitched onto an inverse copy of B.

The exact is guaranteed. Moreover, the interference can be

avoided by not allowing the implicit solid defined in the

prohibited area. Also, the fast approximate Boolean operation

introduced in [30] only changes meshes at the intersected

regions so that the exact is also preserved in merging.

Fig. 5. The solid model of a jig can be generated by first applying the
thickening operator, and then using the Boolean operators on the stable
contact interface B and the other accessory components.

V. RESULTS AND VERIFICATION

A. Examples and Statistics

We have implemented the proposed algorithm in a proto-

type system using C++ and OpenGL. Tests have been taken

on a variety of bones. The customized jigs generated by our

system are sent to a FDM 3D printing machine to fabricate

the physical models.

In Fig.6, we demonstrate that different contact interface

will be obtained when different values of θ are used in

the computation. The larger θ is employed, a larger area

of interface will be obtained. Although most surgical jigs in

Fig. 6. Results of customized jigs generated by our prototype system –
note that, when increasing the value of θ (changing from 25

◦ and 35
◦),

a contact surface with larger area will be obtained. Here, the green arrows
illustrate the range of clamping force-set.

Fig. 7. More results with statistics on the number of triangles and the time
for computation.

practice have two contact regions to achieve a stable landing

after applying a clamping force, we also test the case with

only one contact region. It is not surprised that a larger

contact area is needed. The tests have been taken on more

models of bones with a variety of shapes (see Fig.7). The

θ-stable contact interface can be successfully computed in

all the cases. The computational statistics are also given in

Fig.7. It is easy to find that our approach can efficiently

compute the stable contact interfaces on models with large

number of triangles. For a bone model with more than 1.8

million triangles, the customized jig can be obtained in less

than 12 seconds.

B. Physical Verification

Experimental tests are also taken to verify the physical

performance of jigs generated by our approach. We build two

setups for this purpose – one for translational loading and

another for rotational loading (as illustrated in Fig.8). In the

translational tests, a bone is fixed on a trolley which can slide

along two inverse directions. A force sensor is connected to

the trolley and reads zero when the trolley is in relax. When

push and pull the trolley, the force sensor will response the

received forces. In the rotational tests, a bone are fixed on a
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Fig. 8. The experimental setups for verifying the stable contact between the
bone and a customized jig generated by our approach – both the translational
loading and the rotational loading have been tested.

rotational platform which can rotate along the axis. A force

sensor has one side linked to the rotational platform and

another side fixed. When rotating the bone along the axis,

the force sensor will response the received torques. The force

sensor DYLY-102 with the accuracy 0.05% and the range up

to 10kg is used in our verification.

In all tests, we land the jig at a random position and

then slide it on the surface of bone while keep touching the

bone. When users apply similar loadings (translational or

rotational) on the handle of a jig at different contact places,

different forces will be measured by the sensor:

• Instable contact: When instable contact is practiced,

the relative motion between a jig and the bone is not

completely restricted. The forces measured are mainly

caused by frictions, which should be small.

• Stable contact: When a θ-stable is achieved, the jig

and the bone are completely locked under a clamping

force. In this scenario, whole loadings applied by the

user can be measured by the sensor.

Our tests verify this as large forces can be measured when

the jig is placed to a stable contacting place (see Fig.9). This

occurs under both translational and rotational loadings.

To verify the contact surface generated by our method

provides a stable-contact, another experiment is taken to

measure the input/output loadings at the stable contacting

place and other randomly picked places. In this experiment,

two force sensors are used – one is attached onto the bone

and another is locked with the jig. Two setups are built for

both the translational and the rotational loadings (see Fig.10).

The input and output loadings should be consistent when the

jig and the bone are stably contacted. For other places, the

forces measured on the output sensor are mainly caused by

the friction, which are different from input. This phenomenon

can be well observed from our tests (see Fig.11).

VI. CONCLUSIONS

In this paper, we present an approach to automatically

design a customized jig for bone resection surgery. The

technical contribution of our work is a geometric reasoning

algorithm to determine a minimal surface area that provides

stable contact between a jig and a bone. The stability of

contact and the disassemblability has been formulated under

a unique framework computed on the Gaussian map. The

Fig. 9. The measured forces under translational and rotational loadings
when sliding a customized jig on the surface of a bone.

Fig. 10. The experimental setups for comparing the input/output loadings:
(left) for translational loading and (right) for rotational loading.

results of our approach have been verified physically on the

setups equipped with force sensors.

The results of our current approach is very encouraging.

However, there are still some limitations to be overcome

in the future work. First, the current computation relies

heavily on the accuracy of the input bone model, and the

shape approximation errors between the real bone and the

imaged model have not been considered in our formulation.

Although using a high-resolution imaging system can reduce

the error, it will also lead to some safety issue caused by

radiation. Second, as the FDM based additive manufacturing

is employed to realize the customized jig physically, the

fabricated jig may not completely retain the small features

caused by the limited resolution of FDM. On the other hand,

those small features contribute to the computation of stable

contact. We also plan to realize a de-featuring technique on

the surfaces of bones to remove those small features that

cannot be fabricated.
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